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The laser-induced modification of a fundamental process of
quantum electrodynamics, the conversion of a high-energy gamma photon in the
Coulomb field of a nucleus into an electron–positron pair, is studied theoretically.
Although the employed formalism allows for the general case where the gamma
photon and laser photons cross at an arbitrary angle, we here focus on a
theoretically interesting and numerically challenging setup, where the laser beam
and gamma photon counterpropagate and impinge on a nucleus at rest. For a
peak laser field smaller than the critical Schwinger field and gamma photon
energy larger than the field-free threshold, the total cross section is verified to
be almost unchanged with respect to the field-free case, whereas the differential
cross section is drastically modified by the laser field. The modification of the
differential cross section is explained by classical arguments. We also find the
laser-dependent maximal energy of the produced pair and point out several
interesting features of the angular spectrum.
Abstract.
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1. Introduction

The creation of an electron–positron pair by an external electromagnetic field is a striking
manifestation of the equivalence of matter and energy. That not only energetic photon fields, but
also strong, macroscopic electric fields can produce pairs was first predicted by Sauter [1] and
later considered by Schwinger [2]. The basic prediction is that pairs are spontaneously created,
but the rate is exponentially damped unless the electric field strength exceeds the so-called
critical field E c = m 2 /|e|, where m is the electron mass, e = −|e| the electron charge, and we
use natural units such that c = h̄ = 1. The transition from the nonperturbative, tunnelling regime
for pair production to high-frequency perturbative pair production was studied in [3]–[5]. At
present, the strongest electromagnetic fields available in the laboratory are laser fields. However,
a plane laser wave cannot alone produce any pairs from the vacuum due to the impossibility of
satisfying energy–momentum conservation. Just like in a static magnetic field [6, 7], a probing
particle is needed in order to obtain a nonvanishing pair production rate. If the laser wave is
not plane but a focused pulse [8], or a standing laser wave [9]–[11], pair production is possible
without a second agent.
Laser-induced pair production with an additional source of momentum was first
investigated theoretically in the context of pair production by simultaneous absorption of one
nonlaser-mode photon and a number of laser-mode photons [12, 13]; quite recently, this process
was also observed experimentally [14, 15]. Another possibility discussed in the literature is
laser-induced pair creation in the vicinity of a nucleus. Unfortunately, for a nucleus at rest, the
pair production rates are very low [16]–[20]. Recently, this process has been re-examined, with
the idea of introducing a moving nucleus [21]–[27]. By letting the nucleus collide head-on with
the laser beam at high Lorentz factor γ , in the rest frame of the nucleus the frequency of the
laser beam will be blue-shifted or enhanced with a factor of approximately 2γ . In this way,
the peak electric field seen by the nucleus in its rest frame approaches the critical field, and the
rates are calculated to reach observable values. Other promising schemes are [28]–[30], where
muon–antimuon pairs are created from a laser-driven positronium atom, and [31], where the
photon-assisted Schwinger effect is considered.
New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)
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Figure 1. Feynman diagrams describing the process of laser-assisted pair

creation. Laser-dressed fermions are denoted by thick lines. The electron
effective four momentum in the laser field is qe , and the laser-dressed positron
has an effective momentum qp . The momentum of the virtual state in the
laser-dressed propagator is p̃e,p . The virtual Coulomb photon with spatial
momentum q is drawn as a dashed line, and the absorbed high-energy photon
with momentum k γ as a wavy line. The direction of time is from left to right.
Also the creation of virtual, unobservable electron–positron pairs, produces observable
effects, such as photon–photon scattering [32]–[35], photon splitting [36] and photon
merging [37].
In this paper, we investigate the possibility to create pairs from vacuum in the presence of
three external fields: a laser field, a Coulomb field and a single photon, whose frequency exceeds
the pair production threshold. All calculations are performed in the rest frame of the nucleus. In
contrast to [38], where the same process was considered for a gamma photon and a laser beam
propagating in the same direction, we here consider a different geometry: counterpropagating
gamma photon and laser wave. We also consider a different regime for the laser parameters.
The fact that the gamma photon and the laser photons propagate in different directions renders
the numerical treatment of the problem more complex compared to the setup in [38], but also
more interesting theoretically. Employing the full formula, including the fully laser-dressed
Dirac–Volkov propagator, allows us, in principle, to treat the general situation where the laser
beam and the gamma photon cross at an arbitrary angle. For comparison, one example where
the photon and laser beams cross at right angles is therefore included.
The relevant Feynman diagrams are shown in figure 1. The matrix element for this process
was first calculated by Roshchupkin [39], and also by Borisov et al in [40, 41]; however, without
performing any concrete numerical evaluations. The matrix element has a crossing symmetry
with the one for laser-assisted bremsstrahlung, which was studied previously in many papers,
including [42], and by us recently in [43, 44].
In our case, pair production is possible in the absence of the laser field through the
Bethe–Heitler process [45], because we assume the angular frequency ωγ of the single photon
to be larger than the threshold 2m (we denote the frequency of the single photon by a superscript
rather than a subscript in view of a rather large number of Lorentz subscripts that we will need
to introduce in the analysis later). The presence of the laser will then modify the process, so
that we can speak about laser-assisted pair production. By contrast, if ωγ < 2m, the laser field
would not really assist; it would be necessary even to produce any pairs at all, and we would
call the process laser-induced rather than just laser-assisted.
New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)
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We note the general observation [46] that to produce an appreciable number of pairs, the
electric field in the rest frame of the nucleus has to exceed the critical field. We thus expect
that for a subcritical field, the total rate of laser-assisted pair production will be essentially
unaffected by the laser field. In particular, the total cross section is expected to be very small
for a subcritical field and ωγ < 2m, where the Bethe–Heitler rate vanishes identically. However,
the differential cross section, that is, the dependence of the cross section on the directions and
energies of the produced particles, can change drastically. In particular, we find that the laser
field tends to reverse the direction of the emitted pairs, so that they are produced preferentially
in the propagation direction of the laser field, the more so with rising laser intensity. The effect
persists also for the case when the gamma photon and laser beam cross at right angles. In
comparing the various directions of the laser beam relative to the gamma photon beam, we
point out the most favourable geometrical setup for focusing the angular distribution of the
created pair. We furthermore show that the angular distribution calculated with the full quantum
formula can be explained from the classical motion of the electron and positron in the laser
field, if the field-free cross section is utilized as initial distribution. An interesting directional
dependence of the maximal energy obtained by the produced pair is also discussed.
The paper is organized as follows. In section 2, we introduce the theory necessary to
describe the laser-assisted process, including Volkov states and the Dirac–Volkov propagator,
leading to the expression for the S-matrix elements. Next, we present numerical results together
with a detailed discussion in section 3.
2. Theory

In this section, we review the theory used to describe laser–matter interaction. The interaction
of the electron and positron with the laser field will be treated nonperturbatively, whereas the
interaction with the high-frequency photon field and the Coulomb field is taken into account by
the first-order perturbation theory.
2.1. Volkov wave functions and propagator
We start from the Dirac equation coupled to an external plane electromagnetic wave Aµ (φ):
(i∂ˆ − e Â(φ) − m)ψ(x) = 0,

(1)

where φ = kµ x µ is the phase of the wave, and kµ = (ω, k) is the wave vector. Scalar products
will be written with a dot as a · b = aµ bµ = a0 b0 − a · b, and a hat denotes the contraction with
the Dirac gamma matrices: Â = γ µ Aµ . The solution to equation (1) is the well-known Volkov
solution [47] and reads
!
r


m
e Â k̂
ψ∓ (x) =
1∓
u∓
(2)
p exp iS∓ (x, p) ,
Q
2k · p
where
S∓ (x, p) = ∓ p · x −

φ

Z
0




e p · A(φ 0 ) e2 A2 (φ 0 )
∓
dφ 0 .
k·p
2k · p

(3)

Here, ψ− (x) denotes the electron wave function, and ψ+ (x) is the negative energy wave
function, corresponding to the positron. Note that e always denotes the charge of the electron.
New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)
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∓
The spinor u ∓
p satisfies ( p̂ ∓ m)u p = 0. In the following, we specialize to a monochromatic laser
wave of linear polarization,

Aµ (φ) = a µ cos(φ),

(4)

where µ = (0, ) is the polarization vector satisfying  2 = −1, k ·  = 0, and a is the amplitude
of the vector potential. The integral in equation (3) can then be performed analytically and reads
S∓ (x, p) = ∓ p · x ∓

e2 a 2
eap · 
e2 a 2
φ−
sin φ ∓
sin(2φ)
4k · p
k·p
8k · p

= ∓q · x − α sin φ ± β sin(2φ),

(5)

where in the last line we have defined the effective momentum qµ = pµ + e2 a 2 kµ /(4k · p), with
corresponding effective mass m 2∗ = q 2 = m 2 + e2 a 2 /2, effective energy Q = q0 , and the other
parameters are α = e a ( p · )/(k · p) and β = −e2 a 2 /(8k · p). Later, when we write down the
matrix element we will use the following Fourier decomposition of the wave function (2):
!
r
∞
ea k̂ ˆ
m X
exp (∓iq · x − isk · x) A0 (s, α, ±β) ±
ψ∓ (x) =
A1 (s, α, ±β) u ∓ ( p), (6)
Q s=−∞
2k · p
where the generalized Bessel function A0 (s, α, β) is defined as an infinite sum over products of
ordinary Bessel functions,
A0 (s, α, β) =

∞
X

J2n+s (α)Jn (β)

(7)

n=−∞

and for positive integer j
A j (s, α, β) =

1
2




A j−1 (s − 1, α, β) + A j−1 (s + 1, α, β) .

(8)

The generalized Bessel function was first introduced by Reiss [12], and was later studied by
several authors [13], [48]–[51].
To write down a second-order matrix element, we also need the Dirac–Volkov propagator
G(x, x 0 ), which can be expressed in a number of different ways [52]. We use the
representation [53, 54]
!
!
Z
4


d
p
e
k̂
Â(φ)
p̂
+
m
e
Â(φ)
k̂
G(x, x 0 ) =
1+
1+
exp iS− (x, p) − iS− (x 0 , p)
4
2
2
(2π )
2k · p p − m + iε
2k · p


Z
∞
d4 p X
ea k̂ ˆ
p̂ − (e2 a 2 /4k · p)k̂ + m
=
A
(s,
α,
β)
+
A
(s,
α,
β)
0
1
(2π )4s,s 0 =−∞
2k · p
p 2 − m 2∗ + iε




ea ˆ k̂
0
0 0
0
0
× exp −i p · (x − x ) − ik · (sx − s x ) A0 (s , α, β) +
A1 (s , α, β) ,
2k · p

(9)

where ε is small and positive. In the last equality of (9), we have used the specific form (4) of
the vector potential, expanded the propagator into a product of two Fourier series, and finally
changed variables pµ → pµ + e2 a 2 kµ /(4k · p). This transformation makes the appearance of the
effective mass m ∗ in the propagator denominator explicit.
New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)
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2.2. Matrix element and cross section
In our treatment, the final states of the electron and the positron are described by Volkov
states, and the Dirac–Volkov propagator is employed for the intermediate, virtual states, i.e.
the interaction of all fermions with the laser field is taken into account to all orders. The effect
of the Coulomb field of the nucleus and the gamma photon is calculated using the perturbation
theory. To this end, we introduce the vector potential ACµ (x) of the nucleus with atomic charge
number Z = 1 (the scaling with Z can later be restored easily) and the vector potential Aγµ (x)
of the perturbative photon
−e δµ0
1
γ
µγ e−ik ·x .
ACµ (x) =
,
Aγµ (x) = √
(10)
γ
4π |x|
2ω
Here, ωγ denotes the frequency and kµγ the µth component of the momentum four vector of the
gamma photon. Note the minus sign in the exponential in Aγµ (x), since photon absorption is the
desired process. Expressions (2), (9) and (10) now permit us to write down the matrix element S
for the production of one electron with effective momentum qe and one positron with effective
momentum qp , by absorption of one photon k γ , corresponding to both Feynman diagrams in
figure 1:
S=

∞
X

Sn δ(Q p + Q e + nω − ωγ )

n=−∞

= 2π i

∞
X

p

n,s=−∞

δ(Q p + Q e + nω − ωγ )
e3 m
2ωγ Q p Q e (qe + qp + n k − kγ )2

p̃ˆ e − k̂e2 a 2 /(4k · p̃e ) + m s−n 0
F1313 (γ )
p̃e2 − m 2∗

p̃ˆ p − k̂e2 a 2 /(4k · p̃p ) + m s
s+n
0
γ
+F4224 (γ )
F1212 (ˆ ) u +pp ,
2
2
p̃p − m ∗
×ū −pe



s
F4334
(ˆ γ )

(11)

where
FKmL M N (X ) = A0 (m, α K − α L , β K − β L )X
X ea k̂ ˆ ea ˆ k̂ X
+
+A1 (m, α K − α L , β K − β L )
2k · p M 2k · p N
+A2 (m, α K − α L , β K − β L )

!

e2 â k̂ X k̂ â
,
4k · p M k · p N

(12)

with K , L , M, N ∈ {1, 2, 3, 4}, X ∈ {ˆ γ , γ 0 },
α K = ea · p K /(k · p K ),

β K = −e2 a 2 /(8k · p K ),

(13)

p1 = −qp , p2 = p̃p = −qp + sk + k γ , p3 = p̃e = qe + sk − k γ and p4 = qe . We recall that index
e (p) is used to label the electron (positron) momentum vector. Expression (11) was first obtained
in [39]. The first line in equation (11) implicitly defines the nth-order matrix element Sn , and
the argument of the delta function in equation (11) expresses energy conservation in terms
of the effective energies Q p and Q e . The number −n (+n) can be interpreted as the number
of photons absorbed from (emitted into) the laser mode during the process. In particular,
New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)
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the threshold ωγ − nω > 2m ∗ for pair creation is higher than the field-free case, due to the
larger effective mass m ∗ > m. We further remark that in contrast to the case with copropagating
gamma photon and laser field [38], where the condition k γ · k = 0 provides for a considerable
simplification of the matrix element (11), the present case with k γ · k 6= 0 requires the full
expression (11). In particular, all terms in the sum over s have to be included, which renders
the numerical evaluation of the differential cross section rather demanding. From the matrix
element, we obtain by the usual methods [55] the differential cross section dσ , averaged over
the polarization of the gamma photon and summed over the spins of the electron and positron:
1 X d3 qp d3 qe
2 1
|S|
dσ =
2 spin,pol. (2π )3 (2π)3
T
=

1
4π

d3 qp d3 qe
|S |2 δ(Q p + Q e + nω − ωγ ),
3 (2π)3 n
(2π
)
spin,pol., n
X

(14)

where in the last line the delta function is explicitly written out. The matrix element (11) is
gauge invariant, both under the gauge transformation µ → µ + C1 kµ of the laser field and
µγ → µγ + C2 kµγ , where C1,2 are constants. Gauge invariance, especially for the gamma photon
field, provides a sensible numerical check of the computer code used to evaluate the differential
cross section (14).
Another numerical test of correctness is the behaviour of the cross section at the apparent
singularity when k · p̃e,p → 0 in the F functions in the expression on the right-hand side of
equation (11) (we recall that p2 = p̃p and p3 = p̃e ). The matrix element can be shown to be
finite in this limit, but the calculation constitutes a test of numerical stability as the arguments
of the generalized Bessel functions tend to infinity.
3. Results and discussion

In this section, we present results of a concrete numerical evaluation of the differential cross
section (14). The frequency of the laser is taken to be ω = 1 keV, and the amplitude a is chosen
such that the classical nonlinearity parameter ξ = −ea/m is of order unity. Experimentally,
this choice of parameters can be realized in either of the two following scenarios. For a highpower laser, operating at a photon energy of 1 eV and intensity of 9 × 1017 W cm−2 , head-on
collision with a relativistic nucleus with a Lorentz boost factor γ ≈ 500 will give ξ = 1 and
ω = 1 keV in the rest frame of the nucleus. In an alternative scenario, a focused x-ray freeelectron laser [56] applied to a nucleus at rest may also give access to the parameters above.
Here ξ = 1 and ω = 1 keV in the laboratory frame requires an intensity of 9 × 1023 W cm−2 at
the focus of the laser. In this regime, the peak electric field of the laser is still much smaller
than the critical field, E peak /E c = ξ ω/m  1. In view of the admittedly high laser frequency
ω, we note that we expect the results presented here to be insensitive to ω (at fixed ξ ), as long
as we have ξ ω/m  1. We will mostly consider the case where the laser counterpropagates
with the gamma photon, and describe the direction of the produced electron and positron by an
angle θe,p , as depicted in figure 2(a). Also examples where the gamma photon and laser photons
copropagate, depicted in figure 2(b), and where k and kγ are perpendicular to each other, as
shown in figure 2(c), will be discussed.
New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)
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Figure 2. The geometrical setup of the considered process, defining the angles

θp and θe . (a) Gamma photon and laser beam counterpropagating. (b) Gamma
photon and laser beam copropagating. (c) Gamma photon and laser beam cross
at right angles. The gamma photon has three-momentum kγ , the laser field
has wave vector k and polarization vector , the positron has effective threemomentum q p , and the electron has effective three-momentum q e . The vectors
q p and q e lie in the plane spanned by k and .
3.1. Energy cutoff
In principle, since the sum over n in equation (11) extends from −∞ to +∞, the created pair can
acquire arbitrarily high effective energies Q p and Q e . This should be compared with the fieldfree case, given by the Bethe–Heitler formula [45], where the cross section vanishes identically
for positron (or electron) energies E > ωγ − m. In practice, however, an apparent cutoff will
occur in the energy spectrum, and thereby limit the available energy for the produced pair. In
the following, we will assume the directions q e /|q e |, q p /|q p | of the positron and electron given,
and consider the differential cross section (14) as a function of the effective energy Q p of the
positron. The effective energy Q e of the electron is fixed by energy conservation for each n. It
follows from expression (11) that to find the energy cutoff, we should consider the behaviour of
the function
∞
X
A0 (s, αe − α̃, βe − β̃)
Hn =
A0 (s − n, αp − α̃, βp − β̃)
(15)
s
+
C
s=−∞
as a function of n. As follows from the discussion in section 3.2, we can assume that C is
a noninteger. As shown in appendix A, function (15) has the same cutoff properties as the
generalized Bessel function
A0 (n, αe − αp , βe − β p ),

(16)

provided C is larger than the cutoff index of the first of the A0 in the numerator in equation (15).
As βe − βp = −[(k · qe )−1 + (k · qp )−1 ] e2 a 2 /8 < 0, and high values of Q p are obtained by
absorbing photons, that is, for negative n, it follows that Q cutoff
is the largest positron energy
p
for which the inequality
n pos.cutoff > |n|

(17)

is still satisfied. The integer n pos.cutoff is defined in equation (A.1). Since the quantities k · qe and
k · qp involve direction cosines, it becomes clear that the energy cutoff is direction-dependent.
In particular, this implies that the maximal energy Q cutoff
will depend not only on the direction
p
of the positron, but also on the direction of the electron. In order to determine the directiondependent energy cutoff, one therefore proceeds as follows. In the first step, one fixes the
directions of the electron and positron, which define n pos.cutoff as a function of n and Q p . In
New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)
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Figure 3. (a) Effective energy cutoff as a function of the angle θ = θp = θe

in the counterpropagating setup (figure 2(a)), resulting from the solution of
equation (17). For comparison, we also show the effective energy that would
result if the positron were created with the largest available energy in the absence
of the laser, E p = E max = ωγ − m, and then placed in the laser field with fixed
direction of q p (all curves are labelled accordingly). The difference of the latter
two curves to the laser-dressed solution is because of the correlation between
the electron and positron induced by the laser. This kind of correlation was also
observed in [22]. In (b), we show a concrete example of the cross section, for
θ = 2.8 rad in the counterpropagating setup, chosen to maximize the cutoff for
ξ = 2. The ‘laser-assisted’ curves show complex oscillatory behaviour, with a
peak just before the cutoff. The cutoffs predicted by equation (17) are indicated
by arrows. Note that the curves for ξ = 1 and 0 were multiplied by a factor 50;
the ordinate axis is kept on a linear scale.
the second step, one varies Q p and in this way finds the largest positron effective energy Q p
satisfying equation (17).
As a concrete example, we let the positron and electron be ejected at equal angles
θp = θe ≡ θ in the counterpropagating setup (figure 2(a)), and show in figure 3 the cutoff as a
function √
of θ for different values of the intensity parameter ξ . The frequency of the single photon
γ
is ω = 6 m, which corresponds exactly to the threshold value 2m ∗ for ξ = 1. In the same
figure, we also show a concrete evaluation of the differential cross section for the corresponding
parameters, compared with the laser-free case. The magnitude of the differential cross section is
here significantly larger than the case without the laser, and also displays complicated oscillatory
behaviour.
3.2. Resonances and competing processes
In principle, the matrix element (11) diverges if one of the intermediate momenta p̃e , p̃p satisfies
the on-shell condition
p̃e = (qe + sk − k γ )2 = m 2∗ ,

p̃p = (k γ − qp + sk)2 = m 2∗

New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)
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for some integer s. Physically speaking, this means that the considered second-order process
splits up into two consecutive first-order processes, laser-induced pair creation by a gamma
photon followed by Coulomb scattering of the electron or the positron. This phenomenon has
been studied before in the context of laser-assisted electron–electron scattering [57]–[59] and
laser-assisted bremsstrahlung [42]–[44], [60]. The usual way to regularize the matrix element,
so that it remains finite also at condition (18), is to add a small imaginary part to the energy of
the electron (positron) [61], related to the total probability for the intermediate state to decay
by Compton scattering. Finite values will also result if the finite extent of the laser field or
the frequency width of the laser or photon beam is taken into account. In the current paper,
however, we consider a regime of parameters where the resonances are strongly suppressed.
Mathematically, this means that the value of s needed to satisfy the resonance condition (18)
is larger than the corresponding cutoff index for the generalized Bessel function, and that
the contribution from this index in the sum over s is negligible, once properly regularized.
Physically speaking, we are dealing with laser parameters such that purely laser-induced
processes, that cannot occur in the absence of the laser, have vanishingly small probability to
occur. The basic requirement for laser-induced processes like pair creation by a photon [13] (at
photon frequency ωγ ≈ 2m) or pair creation by a nucleus [16] to have substantial probability is
that the peak electric field E peak = aω should be comparable with the critical field, E peak /E c ≈ 1,
and, as mentioned before, we consider only laser parameters a, ω such that E peak  E c . This
also means that at the field strengths considered, there are no competing processes, so that our
process will indeed be the dominant one.
3.3. Angular distribution
For the field-free case, the pairs prefer to emerge at an angle θ ∼ m/ωγ with the vector kγ [45].
When the laser field is turned on, we expect to find more pairs in the direction of the laser wave
vector k. In figure 4, we display the differential cross section integrated over dQ p and dQ e , for
ξ = 1, 2. The peak is seen to shift from the direction of the gamma photon to the direction of
the laser wave.
In figure 5, we consider for comparative purposes a different setup: here we let the
gamma photon beam and the laser beam cross at right angles, so that k · kγ = 0. The angles
for the positron and electron are defined in the same way as before, so that θ = θe = θp , with
cos θ = −q p · k/(ω|q p |) (see figure 2(c)). As expected, the laser-assisted angular distribution is
distorted compared with the rather broad field-free distribution. Comparing the three relative
directions of laser beam and gamma photon beam (figures 4 and 5), we see that the setup most
favourable for focusing of the created pair is when the laser photons and the gamma photon
propagate in the same direction, shown in figure 4(b). In this case, the laser field considerably
narrows the angular distribution, so that the pair is ejected into a much smaller solid angle,
compared with the field-free cross section. An intuitive explanation for this conclusion is offered
below.
Interestingly, the angular distribution can be explained from the classical motion of the
electron and positron in the laser field, with the Bethe–Heitler cross section as the initial
momentum distribution. To this end, assume that the particle (electron or positron) with mass m
and charge e, is created instantaneously by the Bethe–Heitler process with initial momentum p0µ
at laser phase φ0 . This should be a good approximation since the creation process is expected
to take place on a scale comparable to the Compton wavelength λC = 1/m  1/ω, much
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Figure 4. (a) Counterpropagating setup (figure 2(a)): the differential cross
section integrated over the effective energy Q p,e , for ξ = 0 (solid red line), ξ = 1
(solid blue line: quantum formula (14), circles: classical approximation (22))
and for ξ = 2 (solid green line: quantum, circles: classical). For transformation
to other frequently employed units for the cross
section one uses MeV−2 =
√
389 b = 389 × 10−24 cm2 . As in figure 3, ωγ = 6 m. The pair is emitted at
equal angles θp = θe = θ (see figure 2), in the plane spanned by k and . In the
geometry of counterpropagating gamma photon and laser beam, the direction
θ = 0 corresponds to the gamma photon propagation direction, whereas θ = π
indicates the propagation direction of the laser field. The curves for ξ = 0 and
1 were multiplied by a factor of 10. We note that the area under these curves
is notably different, which implies that the presence of the laser enhances the
number of pairs produced at θp = θe . The differential cross section integrated
over all angles is however, as we will see later (see figure 6), almost unchanged as
compared with the laser-free case. For comparison, we show in panel (b) the case
where the laser beam and gamma photon beam are copropagating (figure 2(b)),
so that θ = 0 corresponds to the direction of both gamma photon and laser
beam. The parameters are otherwise unchanged. The ξ = 0 curve is the same
as in (a) and therefore not shown. In this case, the peaks are much sharper, due
to the combined effect of the gamma photon and the laser beam. Also in the
copropagating case, as verified in [38], the total cross section is the same as the
field-free cross section.

smaller than the laser wavelength. According to the classical, relativistic equations of motion
for a charged particle in a plane electromagnetic wave with vector potential given in (4), the
momentum p µ at a later phase φ reads [62]
p µ = p0µ +

ea · p0
e2 a 2
(cos φ − cos φ0 )k µ +
(cos φ − cos φ0 )2 k µ − ea(cos φ − cos φ0 ) µ .
k · p0
2k · p0
(19)
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Figure 5. Differential cross section integrated over Q p , for the case where the

propagation direction of the gamma photon is perpendicular to the propagation
direction of the laser field, k · kγ = 0 (figure 2(c)). Here θ = π corresponds to
emission of the pair in the direction of the laser photons. The parameters are
otherwise identical to those employed in figure 4. The curve for ξ = 0 was
multiplied with a factor 103 , and the curve for ξ = 1 was multiplied with a
factor 10.
Averaging over φ yields the effective momentum q µ :
µ

q =

p0µ



e2 a 2
1 µ
ea · p0
µ
2
cos φ0 k +
cos φ0 +
k + ea cos φ0  µ .
−
k · p0
2k · p0
2

(20)

Here an important remark is that k · q = k · p = k · p0 , and that (20) is independent of ω. The
final effective momentum thus depends on the laser phase when the particle was created.
Conversely, given a final effective momentum q and a phase φ0 , the initial momentum p0 (q, φ0 )
follows. Now, assuming the initial electron and positron momenta pe0 , pp0 to be distributed
according to the Bethe–Heitler differential cross section dσ BH /(d3 pe d3 pp ) ≡ f BH ( pe , pp ) [45],
the classically laser-modified cross section dσ class. /(d3 qe d3 qp ) is obtained by averaging over the
initial phase,
Z 2π
 ∂ pe0 ∂ pp0
dσ class.
1
=
dφ0 f BH pe0 (qe , φ0 ), pp0 (qp , φ0 )
,
(21)
3
3
d qe d qp 2π 0
∂ qe ∂ qp
where (∂ pe0 /∂q e )(∂ pp0 /∂q p ) is the Jacobian. Integrating over Q p and Q e , we arrive at the cross
section differential in the solid angles of the electron and positron:
Z ∞
Z ∞
dσ class.
dσ class.
=
dQ e
dQ p 3
Q e |qe |Q p |qp |.
(22)
de dp
d q e d3 q p
m∗
m∗
The cross section (22) is plotted with circles in figure 4, as a comparison to the full
quantum formula (14). The agreement is very good, confirming the picture that the pairs are
instantaneously created by the gamma photon, and subsequently accelerated by the laser field
as classical particles.
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Figure 6. The total cross section as a function of the frequency ωγ of the nonlaser

mode photon, compared with the case without the laser field. (a) Logarithmic
scale, close to threshold. (b) Linear scale, for larger ωγ . The laser frequency
used is ω = 1 keV. Due to the laser, there remains a finite probability of pair
creation below the field-free threshold ωγ = 2m. However, the magnitude drops
exponentially, as expected.

From the above arguments, the intuitive picture of why the angular distribution is distorted
by the laser field compared to the field-free case is clear: in addition to the initial momentum
from the created gamma photon, the positron (or electron) receives an additional momentum
kick by the laser field. Since the momentum transfer in the laser propagation direction grows
with the laser field strength as ξ 2 , compared to ξ in the polarization direction (see equation (20)),
it follows that the tendency for the pair to be ejected in the propagation direction grows
with ξ , or the field strength of the laser. The width of the distribution is largest for ξ = 1 in
figure 4(a), because in this regime the momentum transfers in the laser propagation direction
k
from the laser field, plaser
, and from the gamma photon, p0k , are comparable and opposite,
k
so that the net momentum transfer plaser
+ p0k is rather small. A quantitative estimate
yields
√
k
k
2 2
2
γ
plaser = ξ m ω/(2k · p0 ) ≈ 0.3ξ m, and p0 ≈ −0.4m for the energy E 0 = ω /2 = 6m/2 and
the angle θ = 1. This results, for ξ = 1 in figure 4(a), in a broad distribution where neither
the laser photon direction nor the gamma photon direction is preferred as ejection direction.
In contrast, in figure 4(b), where the copropagating setup is shown, the transferred momenta
from the gamma photon and from the laser photons along k point in the same direction,
k
p0k ≈ 0.4m and plaser
= ξ 2 m 2 ω/(2k · p0 ) ≈ 0.6ξ 2 m for the same p0 as above, so that the sum
k
is larger than without the laser field, | plaser
+ p0k | > | p0k |. Since the phase-averaged momentum
absorbed from the laser beam along  vanishes, the total momentum component along  is given
k
by the momentum p0⊥ from the gamma photon. The final angle θ = arctan[ p0⊥ /( p0k + plaser
)] in
figure 4(b) is therefore essentially smaller compared with the laser-free case, and consequently
a narrower angular distribution follows.
We conclude by the remark that in general the copropagating setup is the most favourable
for laser-assisted channelling of the pairs. For practical purposes of measuring the created
pair, or creation of, for example, a positron beam, the copropagating setup is thus to be
preferred.

New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)

14
3.4. Total cross section
The total cross section is obtained by integrating the differential cross section (14) over the
energies Q p , Q e , and solid angles e , p of the produced positron and electron:
Z
1 X Q p |qp |dQ p dp Q e |qe |dQ e de
|Sn |2 δ(Q p + Q e + nω − ωγ ).
(23)
σtot =
4π spin, pol., n
(2π )3
(2π)3
Here, it is convenient to replace the sum over the number of exchanged photons n by an
integral, and to evaluate this integral with the delta function so that n equals the integer closest
to (ωγ − Q p − Q e )/ω. This is a good approximation since ω  Q e,p , ωγ . The remaining sixfold integral has to be performed numerically (we employ a Monte Carlo method). We note
that this method has been used before to obtain total rates for the production of pairs from a
colliding laser beam and a nucleus [25, 26]. In general, Monte Carlo integration is the method
of choice for integrals of high dimensionality where the accuracy demand is modest. The result
of one such calculation, for the counterpropagating setup, is shown in figure 6, where we
present the total cross section as a function of the frequency ωγ of the perturbative photon.
As expected, in the region where pair production is possible without the laser, the rates are
almost indistinguishable.
4. Conclusions

In this paper, we have presented calculations of the laser-assisted Bethe–Heitler process, i.e.
pair production by a high-frequency photon in the presence of a nuclear Coulomb field and
an intense laser field. The regime of parameters considered was for a subcritical laser field,
that is the peak electric field of the laser was much smaller than the critical field E c = m 2 /|e|,
but with the nonlinear parameter ξ of order unity and the gamma photon frequency ωγ > 2m.
In this regime, pair production is possible without the field, and as the laser field strength is
below the critical field, it is expected that the total rates are almost unaffected by the laser.
This was confirmed by evaluating the six-fold integral for the total cross section numerically
(see figure 6). However, the differential cross section was found to be drastically altered by the
presence of the laser wave, as shown in figures 4 and 5. For practical purposes, the copropagating
setup is concluded to be superior, although drastic enhancement of the pair production is also
predicted for the counterpropagating setup and the setup ‘at right angles’, provided the detection
of the pairs is restricted to a narrow angular region (see figures 4 and 5). Finally, we note that
all cross sections shown here are evaluated for a nuclear charge number Z = 1 and scale as Z 2 ,
since we have taken into account the Coulomb field in first-order perturbation theory.
Clear laser-assisted signatures are thus expected in the differential cross sections, and these
might provide an opportunity for interesting experiments in the near future.
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Appendix A. Cutoff properties of the generalized Bessel functions

Important for the understanding of physical processes expressed through generalized Bessel
functions is the cutoff behaviour. A rule is needed for how many terms should be included
in sums like equation (11) to reach convergence. For the ordinary Bessel function Jn (α), the
cutoff rule is well known: for n > α (positive n, α) the magnitude of Jn (α) will drop sharply
as Jn (α) ∼ α n /n n+(1/2) , and the cutoff is therefore n ≈ α. For the generalized Bessel function
A0 (n, α, β), the correct rule reads for positive α and β:

if 8β < α,
α − 2β,
2
α
n pos.cutoff =
(A.1)
,
if 8β > α,
2β +
16β
n neg.cutoff = −α − 2β.

(A.2)

For negative α and β we use the symmetries
A0 (n, α, −β) = (−1)n A0 (−n, α, β),
A0 (n, −α, β) = (−1)n A0 (n, α, β).

(A.3)

Beyond the cutoff, |A0 (n, α, β)| will show inverse factorial decrease ∼ n −|n| , similar to Jn (α).
These cutoff rules can be derived from the asymptotic expansion by the saddle point method
[13, 48, 63] or from the maximal and minimal values of the classically allowed energy for an
electron moving in a plane electromagnetic wave [62].
Regarding the function Hn , as appeared in equation (15)
∞
X
A0 (s, α, β) A0 (s − n, γ , δ)
Hn =
,
s
+
C
s=−∞

(A.4)

we can use the expansion
1
1
s
s2
= − 2 + 3 +···
s +C
C C
C

(A.5)

and then perform the sum over s with the addition theorem for generalized Bessel functions,
for each term in expansion (A.5). Provided C is larger than the cutoff index of the first of the
generalized Bessel functions entering the sum in equation (A.4), we can then write
Hn (α, β, γ , δ) =

A0 (n, α − γ , β − δ) W2 (n, α, β, γ , δ) W3 (n, α, β, γ , δ)
+
+
+···.
C
C2
C3

We also give the expression for the first correction W2 :
α
W2 (n, α, β, γ , δ) = − [A0 (n − 1, 0, 1) + A0 (n + 1, 0, 1)]
2
+β[A0 (n − 2, 0, 1) + A0 (n + 2, 0, 1)],

(A.6)

(A.7)

where 0 = α − γ and 1 = β − δ. It is now clear that Hn (α, β, γ , δ) will have the same cutoff
behaviour as A0 (n, α − γ , β − δ), under the stated conditions.
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[59] Panek P, Kamiński J Z and Ehlotzky F 2004 Phys. Rev. A 69 013404
[60] Roshchupkin S P 2001 Laser Phys. 12 498–503
[61] Becker W and Mitter H 1976 J. Phys. A: Math. Gen. 9 2171–84
[62] Sarachik E S and Schappert G T 1970 Phys. Rev. D 1 2738–53
[63] Reiss H R 1980 Phys. Rev. A 22 1786–813

New Journal of Physics 11 (2009) 013054 (http://www.njp.org/)

